In a previous paper the authors present an elemental enriched space to be used in a finite element framework (EFEM) capable to reproduce kinks and jumps in an unknown function using a fixed mesh in which the jumps and kinks do not coincide with the inter-element boundaries. In this previous publication, only scalar transport problems where solved (thermal problems). In the present work these ideas are generalized to vectorial unknowns, in particular the incompressible Navier-Stokes equations for multi-fluid flows presenting internal moving interfaces. The advantage of the EFEM compared with the global enrichment is the important reduction of the computing time when the internal interface is moving. In the EFEM the matrix to be solved at each time-step has, not only the same amount of degrees of freedom (DOFs) but also has always the same connectivity between the DOFs. This frozen matrix-graph improves enormously the efficiency of the solver. Another characteristic of the elemental enriched space presented here is that allows a linear variation of the jump, improving the convergence rate compared with other enriched spaces that have a constant variation of the jump. Furthermore, the implementation in any existing finite element code is extremely easy with the version presented here because the new shape functions are based on the usual FEM shape functions for triangles or tetrahedrals and, once * Corresponding author: Sergio R. Idelsohn; Postal Address; Gran Capitan s/n; Edificio C1, Campus Nord UPC; 08034 Barcelona, Spain; Tel.: +34 93 401 1829; E-mail: sergio@cimne.upc.edu Preprint submitted to Journal Name April 26, 2017 statically condensed the internal DOFs, the resulting elements have exactly the same number of unknowns as the non-enriched finite elements.
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In a previous paper the authors present an elemental enriched space to be used in a finite element framework (EFEM) capable to reproduce kinks and jumps in an unknown function using a fixed mesh in which the jumps and kinks do not coincide with the inter-element boundaries. In this previous publication, only scalar transport problems where solved (thermal problems). In the present work these ideas are generalized to vectorial unknowns, in particular the incompressible Navier-Stokes equations for multi-fluid flows presenting internal moving interfaces. The advantage of the EFEM compared with the global enrichment is the important reduction of the computing time when the internal interface is moving. In the EFEM the matrix to be solved at each time-step has, not only the same amount of degrees of freedom (DOFs) but also has always the same connectivity between the DOFs. This frozen matrix-graph improves enormously the efficiency of the solver. Another characteristic of the elemental enriched space presented here is that allows a linear variation of the jump, improving the convergence rate compared with other enriched spaces that have a constant variation of the jump. Furthermore, the implementation in any existing finite element code is extremely easy with the version presented here because the new shape functions are based on the usual FEM shape functions for triangles or tetrahedrals and, once Independently of the method used to move the internal interface, the 29 problem in fixed mesh methods is that the change of physical material prop- 
35
For such problems when the interface does not necessarily conform to the 36 element edges (in 2D) or faces (in 3D), the finite element solution, either for 37 continuous or discontinuous approximations across inter-element boundaries 38 suffers of sub-optimal convergence rate. This poor approximation leads to 39 spurious velocities near the interface that may significantly affect the preci-40 sion and the robustness of numerical simulations (see e.g., [16] ). Furthermore, 
44
A number of methods have been developed to overcome these difficulties.
45
One possibility is to add degrees of freedom or enrich the finite element space The momentum conservation in the entire domain reads
where ρ is density, u the velocity vector, σ the stress tensor, b a source + u · ∇u.
97
For the incompressible Navier-Stokes equations the stress are related to 98 the velocity gradients and the pressure through
where µ is the dynamic viscosity, p the pressure, I the identity matrix and ∇ s u is the symmetric gradient tensor of the velocity field.
101
Possible boundary conditions on the boundary domains are
where σ n and u represent known external values and n the outside normal 103 vector.
104
Possible internal conditions at the internal interface are
where σ with boundary conditions
On the internal interfaces the incompressible condition forces to have
where again, u The weighted residual form of the previous equation is
where w is the vector of weighting functions (equal to the shape function to 126 be used to approximate the velocity field in the case of Galerkin approxima-127 tions). After the integration by parts, (9) remains:
131
Note that due to the continuity of the weighting functions w, after inte-
132
gration by parts, all the integral on the internal interfaces at the real interface
133
Γ int as well as on the artificial inter-element interfaces Γ l disappear. weighting functions, the integration by part will read:
141
The first line in (11) is the standard variational form for the continu- interface. The evaluation of these terms will be discussed later. 
where u ele n represents the normal velocity to a boundary element and u neigh n 158 the normal velocity on the boundary of the neighboring element.
159
The weighted residual form of the mass conservation with possible dis-
160
continuous velocity fields (supposing that the boundary constraint u n = u n 161 is a priori satisfied) reads 
4. Discontinuous weighting functions and discontinuous velocity shape func-
189
tions In this case the Equation (13) regularization zone on a very thin band with thickness will be considered.
200
On this band the stress tensor will be described in local coordinates on the 201 interface in its normal and tangent directions n, τ 1 and τ 2 respectively, which 202 will be named σ R . In the same way the normal unit vector in this particular 203 coordinates will be called n R with n R T = (1, 0, 0). For instance, for the 204 two-dimensional case, the matrix σ R remains:
The coefficient µ * is a fictitious viscosity of the regularization zone. It
206
can be considered as an orthotropic material
The tensor stress normal to the interface in the regularized region becomes
Furthermore, in this region, the derivatives in the direction of the normal 209 to the interface may be written as (20)
where
interface of the α component of the velocity including the sign.
212
For finite value of the jumps, this derivative tends to infinite when 213 tends to zero. This means that the other derivatives may be neglected on 214 this regularized region
where the orthotropic coefficient matrix
Taking into account all the previously considerations, the normal stress 217 at the interface σ + n must be evaluated as
with J = R T J R R.
220
As a summary, the final equations to be solved read:
223 (26)) is not performed,
226
then the first line of (26) remains:
which means that without this integration by parts one integral must 228 be added on the internal interfaces and along all the element boundaries 229 enriched in order to preserve the mass conservation.
230
In the previous equations, there are terms named σ neighbor elements due to the static condensation of the enriched DOF.
253
Unfortunately, in spite of using a Galerkin approximation, the inter- obtain the final stiffness matrix of each element to be assembled in the global 265 stiffness matrix may be followed in Ref [1] .
266
The stiffness matrix of each sub-element is assembled in one super-element following a standard procedure.
271
In the case of three-dimensional finite elements, the internal interfaces 272 are composed by planar facets, which do not conform to the element faces. to the previous paper in order to learn about the solution adopted for both 286 cases.
287
Concerning the inertial terms Ω l w · ρ The numerical examples chosen in this section are fluid mechanics prob-299 lems where the unknown functions are the velocity and the pressure fields.
300
The main objective is to highlight the possibilities of the EFEM for these is constant over all the domain, taking the same value imposed at the inlet. The first test considers a viscosity jump µ 1 = 1, µ 2 = 10 with con-319 stant density ρ 1 = ρ 2 = 1 and continuity of the solution at interface, i.e. gradient which results in an unacceptable solution even in this simple case.
325
As expected, using enrichment improves the kink capturing. However, as 326 discussed before in this work, the lack of the inter elemental load term leads 327 to a solution which has some deficiencies specially in the region of small vis- 
404
Solutions for other stages present a jump at the interface, and the velocity 405 varies its maximum according to the contraction or expansion of the region 406 transversal area, in order to guarantee conservativeness.
407
Remark 3. In this case, a slip condition is employed over the interface.
408
A possible improvement could be including the modeling of a boundary layer 409 through a wall law, adjusting the value of J. the interface begins and ends inside the domain, the jump coefficient follows: 
507
The enriched space employed allows also to capture the discontinuity of 
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